Abstract. The concepts of quantum correlation complexity and quantum communication complexity were recently proposed to quantify the minimum amount of resources needed in generating bipartite classical or quantum states in the single-shot setting. The former is the minimum size of the initially shared state σ on which local operations by the two parties (without communication) can generate the target state ρ, and the latter is the minimum amount of communication needed when initially sharing nothing. In this paper, we generalize these two concepts to multipartite cases, for both exact and approximate state generation. Our results are summarized as follows.
Introduction
Shared randomness and quantum entanglement among parties located at different places are important resources for various distributed information processing tasks. How to generate these shared resources has been one of the most important issues, and recently much attention has been paid to the minimum amount of shared correlation and communication needed to generate bipartite classical and quantum states in one-shot setting (Ambainis et al. 2003; Fiorini et al. 2015; Harsha et al. 2010; Jain et al. 2013; Zhang 2012) . In particular, in Jain et al. (2013) ; Zhang (2012) the worst-case costs of several single-shot bipartite schemes to generate correlations and quantum entanglement have been characterized.
The setting is as follows. Suppose that two parties, Alice and Bob , need to generate correlated random variables X and Y , with Alice outputting X and Bob outputting Y , such that (X, Y ) is distributed according to a target distribution P . If P is not a product distribution, Alice and Bob could generate P by sharing an initial seed distribution (X , Y ), Alice owning X and Bob owning Y , and then each performing local operations on their own parts. The minimal size of this seed correlation (X , Y ) is defined as randomized correlation complexity (Zhang 2012) , denoted R(P ), where the size of a bipartite distribution is defined as the half of the total number of bits to specify an element of the sample space. It has been known that R(P ) is fully characterized as log 2 rank + (P ) (Zhang 2012) , where rank + (P ) is the nonnegative rank of matrix P viewed as a matrix, 1 a measure in linear algebra with numerous applications in combinatorial optimization (Yannakakis 1988) , nondeterminis-cc 26 (2017) Capturing the minimum cost to generate target states, correlation complexity and communication complexity are fundamental parameters of the shared states as a resource. In particular, when the target state is quantum, the resource is entanglement, arguably the most important shared resource in almost all quantum information processing tasks. While bipartite entanglement is relatively well understood, multipartite entanglement has been elusive on many levels, and considerable efforts have been made to study it from various angles. In this paper, we extend the study of correlation and communication complexity of generating a classical correlation and quantum entanglement to multipartite cases. Our results are summarized next, and we hope that they can shed light on multipartite entanglement from another fundamental perspective.
In this paper, we assume for simplicity that all the quantum systems are made of qubits. The results can be readily generalized to the case of qudits.
In Jain et al. (2013) ; Zhang (2012) , it was shown that for bipartite states, correlation complexity always coincides with communication complexity. It turns out that for multipartite cases, quantum correlation complexity and quantum communication complexity are not always the same any more, thus we have to deal with them separately.
Multipartite quantum correlation complexity.
We first consider quantum correlation complexity of generating a kpartite state. In the basic setting, there are k parties, A 1 , A 2 , ..., 
For a mixed quantum state ρ, however, the correlation complexity is less clear. It was observed in Jain et al. (2013) that in the bipartite case, QCorr(ρ) is exactly the minimum of QCorr(|ψ ) 204 Jain et al. cc 26 (2017) over all purifications |ψ of ρ. This turns out to be not the case in the multipartite setting.
where r(ρ) is the minimum QCorr(|ψ ) over all purifications |ψ of ρ.
We will also show that both inequalities in the above theorem are tight, thereby implying that QCorr(ρ) is indeed different from min{QCorr(|ψ ) : |ψ purifies ρ}.
While in some sense pure quantum states contains the most "quantumness" among all quantum states, at the other extreme is mixtures of classical states, i.e., classical distributions. In the bipartite case, the quantum correlation complexity of generating distribution P = [P (x, y)] x,y is exactly log 2 rank psd (P ) . We will show an analogous result in multipartite cases. To this end, we need to first generalize the notion of PSD-rank from matrices to tensors. Similar to the bipartite case, a k-partite probability distribution P = [P (x 1 , x 2 , ..., x k )] x 1 ,x 2 ,...,x k can also be viewed as a tensor of dimension k.
With this definition, we can bound the quantum correlation complexity of P in terms of its PSD-rank. 
Next we turn to quantum mixed states. Different from quantum correlation complexity, the quantum communication complexity QComm(ρ) is always equal to the minimum QComm(|ψ ) over purifications |ψ of ρ. Theorem 1.9. For any k-partite quantum state ρ, QComm(ρ) = min{QComm(|ψ ) : |ψ is a purification of ρ}.
Combining the above results (and certain proof ingredient), we get the following relationship between QCorr(ρ) and QComm(ρ) for a general multipartite quantum state ρ. 
Since for any bipartite state ρ, generating a mixed state is the same as generating its (optimal) purification (Jain et al. 2013; Zhang 2012) QCorr(ρ) = min{QCorr(|ψ ) : |ψ purifies ρ}, it is also natural to give another definition by putting the approximation on the purification instead of the original target state. Let (1.12)
As we will show, these two definitions are equivalent, i.e.,
Note that the second definition is easier to analyze, since the approximate correlation complexity for pure states are well understood, thanks to the following fact and the later Lemma 5.1, both from Jain et al. (2013) . 
The following inequality holds.
(1.18)
We also consider the special case when ρ is classical distribution P . First we define approximate PSD-rank and consider to approximate correlation complexity by classical states as follows. rank psd, (P ) = min{rank psd (P ) :
where P is another probability distribution on the same sample space of P .
, its -approximate quantum correlation complexity by classical state is QCorr cla (P ) = min{QCorr(P ) : F (P, P ) ≥ 1 − }, where P is another probability distribution on the same sample space of P .
The following theorem says that the most efficient approximate generation of a classical state can always be achieved by classical states. Moreover, the approximate correlation complexity of a classical state could be completely characterized by the approximate PSD-rank. It extends Theorem 1.1 of Jain et al. (2013) , which covers the case = 0 only.
QCorr (P ) = QCorr cla (P ) = log 2 rank psd, (P ) .
Multipartite.
Next we study approximate correlation complexity of multipartite states. As in Jain et al. (2013) , one can consider two different approximations to a pure target state, one to approximate by a mixed state, and the other to approximate by a pure state. We can see that QCorr (ρ) and QCorr pure (ρ) are the complexities of approximating ρ by mixed and pure states, respectively.
For a k-partite pure state |ψ in H 1 ⊗ H 2 ⊗ · · · ⊗ H k , let ρ i be the reduced density matrix of |ψ in H i , and r i = rank(ρ i ). Denote the -approximate Schmidt rank of |ψ , which will be defined in the next section, with respect to the separation (A i , A −i ) (here
Then we have
Finally, we consider the relationship between QCorr (|ψ ) and QCorr pure (|ψ ). In Jain et al. (2013) , it is shown that QCorr (|ψ ) = QCorr pure (|ψ ) for any bipartite state |ψ . The following theorem states that these two quantities are still closely related when |ψ is a multipartite state.
Preliminaries
In this paper we consider multipartite systems. 
The following definition of PSD-rank of a matrix was proposed in Fiorini et al. (2015) .
Definition 2.1. For a matrix P ∈ R n×m + , its PSD-rank, denoted rank psd (P ), is the minimum number r such that there are PSD matrices
One can see that this corresponds to the special case of k = 2 in Definition 1.5. When k = 2, we drop the superscript (2) in Definition 1.5, thus making it consistent with the above definition of PSD-rank of matrices.
Quantum information.
A quantum state ρ is a trace-one positive semi-definite matrix. A quantum state ρ is called pure if it is rank one, namely ρ = |ψ ψ| for some vector |ψ of unit 2 norm; in this case, we often identify ρ with |ψ . For quantum states ρ and σ, their fidelity is defined as F(ρ, σ) def = tr( σ 1/2 ρσ 1/2 ). For ρ and |ψ , we have F(ρ, |ψ ψ|) = ψ|ρ|ψ , and for two classical distributions p and q on the same sample space, we have We will also need another fundamental fact, shown by Uhlmann Nielsen & Chuang (2011).
In Jain et al. (2013) , it was shown that for any bipartite quantum state ρ, QCorr(ρ) and QComm(ρ) can be characterized completely by the minimum Schmidt rank of a purification of ρ. 
The approximate version of Schmidt decomposition that will be utilized in the present paper is as follows, which is called approximate Schmidt rank. The superscript would again be dropped when the partition is clear and no confusion is caused. The following fact on approximate Schmidt rank was given in Jain et al. (2013) .
For multipartite pure states, there are no Schmidt decompositions in general. But a weaker statement holds. 
The statement just says that |ψ does not have any component in |α ij , ∀i, ∀j > r i . This is true because if |ψ has a nonzero component in |α ij for some j > r i , then when we compute the reduced density matrix of |ψ in H i , we get ρ i with a positive component in |α ij α ij |. Thus |α ij is an eigenvector of ρ i with a nonzero eigenvalue, contradictory to our assumption.
Quantum correlation complexity of multipartite states
In this section, we prove the results in Section 1.1 on quantum correlation complexity of multipartite states. Since this state takes k j=1 log 2 rank(ρ j ) number of qubits, we have shown that QCorr(|ψ ) ≤ k j=1 log 2 rank(ρ j ) . For the other direction, let us assume the k players generate the target |ψ by local operations on an initial seed state σ, whose size is QCorr(|ψ ). First note that to generate a pure state, it is enough to have a pure state as the seed, since otherwise every pure state in the support of the mixed seed state can give the same target |ψ . Now define the reduced density matrix of σ in the system A j as σ j , and assume that its rank is s j . Then the size of σ is at least k j=1 log 2 s j , where the j-th summand bounds the number of qubits for the j-th player's part of σ. Since local operations do not increase Schmidt rank, we know that s j ≥ r j . Thus
As we mentioned earlier, generating a bipartite mixed quantum state ρ has the same cost as generating some purification of ρ (Zhang 2012) . In multipartite cases, however, this does not hold any more. Theorem 1.4 compares the quantum correlation complexity of generating a mixed state ρ and that of generating a purification.
Proof. (of Theorem 1.4) First, we have QCorr(ρ) ≤ QCorr(|ψ ) for any purification |ψ of ρ, thus QCorr(ρ) ≤ r(ρ). Now for the other direction, suppose that a minimal seed state for generating ρ is σ with size(σ) = QCorr(ρ). Let σ i be the reduced density matrix of σ in H A i , and suppose that n i is the number of qubits of σ i , so QCorr(ρ) = local operation can be assumed to be attaching some extra system, performing a unitary operation, and then tracing out part of system. Now if all players do not trace out any part of their systems, and act on initial state |θ instead of σ, then the same protocol results in a pure state |ψ , which is a purification of ρ. In this way, QCorr(|ψ ) ≤ QCorr(|θ ).
According to Theorem 1.3, we have QCorr(|θ ) = k i=1 log 2 r i , where r i is the rank of σ i for i ≤ k − 1, and r k is the rank of tr H 1 ⊗···⊗H k−1 |θ θ|. Note that
where the last inequality uses the fact that |θ is a pure state. Thus, it follows that
In the above theorem, the left inequality is tight when ρ is a pure state. The following proposition shows that the right inequality is also tight by giving an example of tripartite state ρ with QCorr(ρ) = 3 and r(ρ) = 4. Recall that the 3-qubit GHZ state is |GHZ = Proof. Since ρ 0 is a three-qubit state, the three players can simply share itself as the seed (and then do nothing), so QCorr(ρ 0 ) ≤ 3. We will next show that r(ρ 0 ) = 4, which implies QCorr(ρ 0 ) ≥ 3 by Theorem 1.4. Therefore QCorr(ρ 0 ) = 3. We now prove that r(ρ 0 ) = 4. Suppose the three qubits of ρ 0 are possessed by Alice , Bob , and Charlie respectively. One simple purification is
where the last qubit is introduced by one player, say, Charlie. Since |ψ 0 has only 4 qubits, r(ρ 0 ) ≤ 4. We shall prove that r(ρ 0 ) ≥ 4. For convenience, we call these three qubits the main system. Then an arbitrary purification of
where |u 0 and |u 1 are orthogonal, and they are composed by all the ancillary systems introduced by the three players. Note that it is possible that some of the players do not have ancillary systems. Without loss of generality, we suppose some of the qubits in |u i belong to Alice . We trace out the two qubits of Bob and Charlie in the main systems from |ψ , and get the rest quantum state
where the first qubit belongs to the main system of Alice (that is why we use the subscript a), and the rest is all the ancillary systems combined. Continue to trace out Bob 's ancillary system and Charlie's ancillary system, then we obtain Alice 's reduced density matrix ρ a . Similarly, we can define ρ b or ρ c , provided Bob or Charlie has a nontrivial part in |u i .
Let us assume without loss of generality that tr H A |ψ ψ| is a mixed state, because otherwise Alice 's ancillary system has no contribution to the purification. We now prove that at least one of ρ a , ρ b and ρ c has a rank at least 3. If this is the case, say cc 26 (2017) rank(ρ a ) ≥ 3, then Alice needs at least 2 qubits for her part of the seed state because log rank(ρ a ) ≥ log 3 = 2. Meanwhile Bob and Charlie each needs at least 1 qubit as rank(ρ b ) > 1 and rank(ρ c ) > 1. Thus QCorr(|ψ ) ≥ 4.
If |u i is only at Alice 's side, i.e., only Alice introduces an ancillary system, then ρ a = ρ a , which has rank 3. Now suppose that Bob also introduces an ancillary system. We claim that if one of |u 0 and |u 1 is not a product state across (A, BC), then one of ρ a , ρ b and ρ c has rank at least 3. Indeed, suppose |u 0 is not a product state across (A, BC), then rank(tr
Note that the three components in Eq.(3.2) are orthogonal, thus
which means rank(ρ a ) ≥ 3. Therefore, we only need to take care of the situation where |u 0 and |u 1 are product states. Since they are orthogonal, without loss of generality we could express them as |u 0 = |u 0,a |v 0,bc and |u 1 = |u 1,a |v 1,bc , where |u 0,a , |u 1,a ∈ H A 1 , |v 0,bc , |v 1,bc ∈ H B 1 ⊗ H C 1 , with either u 0,a |u 1,a = 0 or u 0,bc |u 1,bc = 0. In this way, |ψ = 1 2 (|000 + |111 )|u 0,a |v 0,bc
Note that | u 0,a |u 1,a | = 1 as tr H A |ψ ψ| is a mixed state. It is not difficult to verify that the rank of ρ bc = tr H A ⊗H A 1 |ψ ψ| is at least 3. Apply the above argument to Bob and Charlie. Meanwhile, it holds that rank(ρ bc ) = rank(ρ a ). Hence, rank(ρ a ) ≥ 3, and this completes the proof.
Next we consider the other extreme, when ρ is a multipartite classical state, i.e., a multipartite probability distribution. Recall that for a classical distribution P on X , we often identify it with ρ = x P (x)|x x|. Also recall that for a nonnegative tensor
psd (P ) is the minimum r s.t. there are r × r PSD matrices C (1) Proof. (of Theorem 1.6) We first prove the right inequality. Let r = rank (k) psd (P ), then there exist positive semi-definite matrices {C (i)
For each t, tracing out the second and the third registers gives
Thus |ψ is actually a purification of ρ, and Theorem 1.4 implies that QCorr(ρ) ≤ QCorr(|ψ ). Further note that QCorr(|ψ ) ≤ k log 2 r by Theorem 1.3. We thus show that QCorr(ρ) ≤ k log 2 r .
For the left inequality, suppose |ψ is a pure state in
that achieves the optimum of r(ρ) in Theorem 1.4, then this theorem tells us that
218 Jain et al. cc 26 (2017) where r i is the rank of the reduced density matrix of |ψ on the i-th player. According to Lemma 2.8, |ψ could be expressed as
Here R = 
Recall that |ψ is a purification of ρ, so
where all the off-diagonal terms are 0 due to the form of ρ. Note that for any x, the R × R matrix C x with C x (j, i) = u M(|ψ ). For the lower bound, suppose that Player i and Player j communicate c ij qubits in an optimal communication protocol generating |ψ , starting from a product state. Considering the linearity of quantum operations and that the target state is pure, we can assume without loss of generality that the product seed state is also pure. Denote by r i = rank(ρ i ) where ρ i is |ψ reduced to Player i's space. Since exchanging r qubits can only increase the Schmidt rank between Player i and the rest of the players by at most 2 r (Kremer 1995) , we have that
Putting communication among all pairs of players together, we have
Both bounds in the above theorem are tight. For the upper bound, consider the three-qubit GHZ state |ψ = 1 √ 2 (|000 + |111 ) shared by Alice , Bob and Charlie. It is not hard to see that M(|ψ ) = 3 and QComm(|ψ ) = 2. For the lower bound, consider an EPR pair |ψ = 1 √ 2 (|00 + |11 ) shared by two players. It has M(|ψ ) = 2 and QComm(|ψ ) = 1.
In Theorem 1.4 and its later comment on tightness of the bounds we have seen that the correlation complexity of a mixed quantum state ρ is in general different from that of (even a best) purification of ρ. Theorem 1.9 shows that for communication complexity, generating a mixed quantum state is the same as generating a purification of it.
220 Jain et al. cc 26 (2017) Proof. (of Theorem 1.9) It is clear that for any purification |ψ , QComm(ρ) ≤ QComm(|ψ ) since one can just generate |ψ and then trace out some part to get ρ.
For the other direction, suppose r = QComm(ρ), then starting from ⊗ k i=1 |0 , the players can generate ρ by local operations and communicating r qubits. Here all local operations can be assumed to be first to append some ancilla and then perform a unitary operation and finally trace out some parts. If the players do not trace out any part, then at the end of the protocol, they would have a pure state as a purification |ψ of ρ. Thus QComm(ρ) ≥ QComm(|ψ ). Corollary 1.10 compares QCorr(ρ) and QComm(ρ) for general multipartite quantum states.
Proof. (of Corollary 1.10) The left inequality can be easily proved using the same argument as the upper bound proof of Theorem 1.8.
For the right inequality, according to Theorem 1.9, we could find a purification |ψ of ρ in
QCorr(|ψ ). Combing these results with Theorem 1.4, we obtain that QCorr(ρ) ≤ QCorr(|ψ ) ≤ 2QComm(|ψ ) = 2QComm(ρ).
Approximate quantum correlation complexity of bipartite states
In this section, we study the correlation complexity of generating bipartite states approximately, and prove the results mentioned in Section 1.3.1. We will first show that the approximate quantum correlation complexity QCorr (ρ) is actually equivalent to that of the optimal purification of ρ. Based on this, we will give a complete characterization of QCorr (ρ). At last, we consider the special case that ρ is a classical distribution. 
We now show that the two approximations QCorr (ρ) and QCorr (ρ) are equivalent. Recall that for a state ρ ∈ H A ⊗ H B ,
and 
where the inequality is by definition of QCorr (ρ), the first equality is due to Fact 2.5, and the last two equalities are because of the definition of |ψ and the definition of ρ . QCorr (ρ) ≤ QCorr (ρ): Note that by definition, QCorr (ρ) = min QCorr pure (|ψ ) : |ψ purifies ρ , which is in turn equal to min log 2 S-rank (|ψ ) : |ψ purifies ρ . Take a minimizer QCorr (ρ) = log 2 S-rank(|ψ ) ≥ QCorr(σ) ≥ QCorr (ρ), where the first inequality used Fact 2.5, and the second inequality used the definition of QCorr (ρ).
Based on Proposition 5.2, Theorem 1.15 gives another characterization of QCorr (σ).
Proof. (of Theorem 1.15) Suppose
QCorr (σ) = log 2 S-rank (AA Classical Distributions. Next we consider to approximate classical distributions. Recall that Lemma 5.1 implies that the most efficient approximate generation of a pure state can be achieved by another pure state. In the same spirit, Theorem 1.22 shows that the most efficient approximate generation of a classical state can be achieved by another classical state, and the correlation complexity is completely determined by the approximate PSD-rank.
Proof. (of Theorem 1.22) For the first equality, it suffices to prove that QCorr (P ) ≥ QCorr cla (P ) (since the other direction holds by definition). Given an approximation ρ to P with F (P, ρ ) ≥ 1 − and size(ρ ) = QCorr (P ), we measure ρ in the computational basis of H A ⊗ H B and get a probability distribution P . Note that the same measurement does not change P . Since no operation can decrease the fidelity of two states (Nielsen & Chuang 2011), we have F (P, P ) ≥ F (P, ρ ) ≥ 1 − .
The second equality is immediate from their definitions.
Approximate quantum correlation complexity of multipartite pure states
In this section, we consider approximation in generating multipartite pure states, and prove the results in Section 1.3.2. Recall that for a k-partite pure state |ψ , r
